Exploring the properties and applications of topological quantum states is essential to better understand topological matter. Here, we theoretically study a 1D topological array of effective threelevel atoms. In the low-energy regime, a topology-induced nonlinearity transforms the atom array into a topological superatom. Driving the superatom in a cavity, we study the interaction between light and topological quantum states. We find that the edge states exhibit symmetry-protected collective behavior, which can be characterized by topological quantum coherence. Because of quantum tunneling, these finite systems show interesting coherence transitions in their topological phase. We investigate finite-size topological phase transitions via the scaling behavior of the coherence. Moreover, we find that the edge states and bulk states have quite different quantum coherence properties. This can lead to novel topology-protected quantum phenomena.
Introduction.-One of the most striking achievements in modern physics is the discovery of topological materials. Also, novel forms of topological quantum states are pursued in both matter and light [1] [2] [3] [4] . These exotic states are protected by band gaps which can be closed via topological phase transitions [5] [6] [7] . Topological quantum states have applications in many quantum technologies, e.g., topological qubits [8] [9] [10] [11] [12] , topological quantum channels [13, 14] , topological surface waves [15, 16] , and topological lasing [17] [18] [19] [20] . In topological many-body systems, owing to the peculiar geometry of edge states, driving a single atom could excite an edge state and generate a quantum nonlinearity for photons [21] . In the emerging field of topological quantum optics [21] [22] [23] [24] [25] , the interaction between light and topological quantum states should be explored to better understand the properties of topological quantum matter.
Collective behavior in quantum many-body systems originates from quantum coherence [26] . In cavity-QED, single-photon absorption is able to build manybody coherence among atoms, producing superradiance or subradiance [27] [28] [29] [30] [31] . A superatom model is used to explain such collective phenomena [32] which has been realized via Rydberg blockade [33, 34] . Recent studies about topological matter show that single atom quantum coherence can be protected by topology [35] [36] [37] [38] . Indeed, topological protection makes nonlocal quasiparticles in the ground state manifold ideal candidates for realizing topological quantum computation [39, 40] . In particular, some works have analysed quantum coherence of Majorana zero modes in decoherence-free subspaces [41] and quantum manipulation of Majorana bound states via electron-photon interactions [42] [43] [44] [45] . * yuxiliu@mail.tsinghua.edu.cn
We consider a 1D topological array of three-level systems which are coupled by virtual-photons-exchange interactions. In the low-energy regime, the atom array has a ground state and a single-excitation subspace which has many bulk states and two edge states. The topologyinduced nonlinearity in the single-excitation subspace helps us to define a topological superatom, which consists of a ground state and two edge states. The typical features of edge states make it experimentally feasible to manipulate topological superatoms [46] [47] [48] [49] [50] . Similar to qubits in quantum systems [51, 52] , the topological superatom in a cavity can be driven via a direct coupling between light and edge atoms. We also study the role of the susceptibility in characterizing quantum coherence of the superatom. A main finding in our work is that singlephoton absorption by a topological superatom leads to symmetry-protected topological quantum coherence. Through a scaling analysis, this topological quantum coherence sheds new light on finite-size topological phase transitions.
Virtual-photons-mediated Interactions.- Figure 1 (a) shows an array with effective V-shaped three-level atoms [53, 54] , which are formed by waveguide-mediated two qubits [55] [56] [57] . The distance between qubits is an integer multiple of the wavelength (λ 0 = 2πc/ω 0 , ω 0 being the frequency of the two qubits). In this case, the exchange interaction is zero, but correlated decay is finite [58] . The couplings between two atoms are realized by four couplers, which have the same frequency, as shown in Fig. 1(b) . Here, every coupler drives specific transitions of these two atoms. For simplicity, we first consider the interaction between |A 1 and |B 2 . In the rotating frame with the frequency of the coupler, the system Hamiltonian becomes ( = 1)
where ∆ α and g α are detunings (∆ 1A = ∆ 2B = ∆) and couplings between the atoms and the coupler, respectively.
Also, σ + 1A
= |A 1 g 1 | and σ + 2B = |B 2 g 2 | are the atomic operators;â 1 (â † 1 ) represents the annihilation (creation) operator of the coupler. When g 1A , g 2B ∆, by making a Schrieffer-Wolff transformation, we can obtain the effective Hamiltoniañ
The first and second terms contain Lamb shifts due to the virtual photons in the coupler. The last term is the effective coupling between these two atoms. Eq. 2 describes the single-coupler-mediated two-level systems [59] [60] [61] [62] . To couple two V-shaped atoms, we consider four couplers; each one produces a specific interaction. Based on this coupling scheme, an atom array can be realized. It can be shown that only nearest-neighboring interactions are present in the effective Hamiltonian [58] . Therefore, the manipulation of interactions between atoms can be realized via exchange of virtual photons, which is important in studying many-body phenomena [63] [64] [65] . Topological Superatom.-The Hamiltonian of the atom array can be written as
where δ is half of the effective energy splitting between two excited states |A i and |B i of the i th atom; t p and t c are, respectively, the parallel and cross couplings [58] . To better see the physical picture of Eq. (3), we can rewrite it in the single-excitation subspace {|A i , |B i },
which represents a lattice as shown in Fig. 2(a) . After making Fourier transforms to the vectors |A i and |B i , Eq. 3 can be written in crystal momentum space as
Here, d y (k) = 2t c sin k and d z (k) = δ + 2t p cos k. The system is protected by chiral symmetry [66] , i.e., σ x h(k)σ x = −h(k). The topological nature can be extracted from the winding number [67, 68] , defined in the auxiliary space Fig. 2(b) . When −δ c < δ < δ c , with δ c = 2|t p |, the system is in a topological insulating phase with nontrivial winding number. As |δ| increases and becomes larger than δ c , a normal insulator is obtained for zero winding number. From the edge-bulk correspondence, it is known that the topological phase supports edge states for open boundary conditions. The energy spectrum of the atom array in the single-excitation subspace is shown in Fig. 2(c) . Zero modes for |δ| < δ c represent edge states. The edge states localized at the left and right boundaries are
where N − L and N + R are the renormalization factors, and
From the edge states, we can find several features. First, the left and right edge states are polarized with anti-symmetric and symmetric superpositions of |A i and |B i , respectively. Second, the edge states are exponentially localized in the boundaries, as shown in Fig. 2(d) . These properties are helpful for manipulating edge states. The above edge states occur when |λ −,1/2 | < 1. The case |λ −,1/2 | > 1 has oppositely polarized edge states [58] . From the spectrum, we can find that the edge states have large energy gaps with bulk states, which provide a strong nonlinearity for the atom array. Because of this topology-induced nonlinearity, we can use a topological superatom, which consists of a ground state and two edge states, to characterize the atom array in its low-energy regime.
Optically Probing a Topological Superatom.-Generally speaking, it is challenging to selectively drive quantum many-body states in large-scale systems. However, owing to specific properties of the edge states analyzed above, one can realize interactions between light and edge states. As shown in Fig. 1(a) , the atom array can be driven by a single-mode cavity field. The Hamiltonian of the cavity field with external driving is H c = ∆ cf †f + iη(f † −f ), where ∆ c = ω c − ω l , η is the pumping strength, and ω c and ω l are the frequencies of the cavity and driving fields, respectively. The Hamiltonian describing the couplings between the cavity field and the atom array is 
Here, κ is the decay rate of the cavity, and γ µν the decay rates of the atoms [69] . Specifically, γ AA , γ BB are the decay rates from the excited atomic states |A and |B to the ground state |g , respectively. For simplicity, we write γ AA = γ A , γ BB = γ B . The correlated decays between two excited atomic states γ AB and γ BA are equal [55] [56] [57] , and play fundamental roles in many quantum optical effects [70] [71] [72] [73] [74] [75] .
In the low-excitation limit:
where Ξ is the coupling vector between cavity field and atoms. Also, σ = ( σ
; while D and Γ denote the couplings and dissipations in the atom array [58] . From Eqs. (7, 8) , the transmission can be formulated as
where the susceptibility is χ = Ξ (∆ + D − iΓ) −1 Ξ. When the cavity field is resonant with the superatom and the coupling parameters are appropriately chosen, only the edge state can be driven. It is known that in cavity-QED with a single atom, the photon transmission exhibits radiation properties of the atom [76, 77] . For the topological superatom here, the symmetry-protected quantum properties can be explored. Figure 3 (a) presents the transmission corresponding to the left and right edge states. As the correlated decay γ AB increases, the transmission for the left edge state at resonance decreases. However, for the right edge state shown in the inset, the transmission is enhanced accordingly. Light transmission is versatile in detecting topological states [78] [79] [80] [81] . Topological Quantum Coherence.-From the susceptibility, we can obtain the effective decay, γ eff = −Im(Ξ Ξ/χ) [82] [83] [84] , of the topological superatom. Based on the coupling between light and edge states, we explore the quantum coherence, which can be inferred from γ eff [85] , in a topological superatom. Figures 4(a) and 4(b) show the coherence properties of a superatom with left and right edge states. Without loss of generality, we consider γ A = γ B = γ. The coherence is trivial for γ AB = 0. However, a nonzero γ AB leads to interesting collective phenomena. The left and right edge states are subradiant (γ eff < γ) and superradiant (γ eff > γ), respectively. In the topological phase (|δ| < δ c ), the system is divided into two regimes: short- range coherence (SRC) regime (|δ| < δ m ) and longrange coherence (LRC) regime (δ m < |δ| < δ c ), which correspond to I and II in Fig. 3(b) , respectively. The δ m defines the coherence transition between SRC and LRC. In particular, for the right edge state, the coherence transition is the superradiance-to-subradiance transition.
In the SRC regime, the quantum coherence between atoms near one edge can be formed. However, atoms near both edges can build quantum coherence in the LRC regime. The physical origin of LRC (and the coherence transition in finite-size atom arrays) is the quantum tunneling of edge states. As the system crosses the topological phase transition, the LRC continuously changes to the normal insulating phase, where the quantum coherence of bulk states varies with δ. When γ AB ≈ γ, we obtain a dark left edge state with no effective decay. Such dark edge state can be used as a topological quantum memory. In Fig. 4(c) , the coherence transitions with different lengths of atom array are shown for right edge state. The inset shows the finite-size scaling behavior between the coherence transition and the topological phase transition. According to this scaling behavior, the coherence of the superatom in an infinite lattice is invariant in the topological phase, called "topological quantum coherence". Different from the topological protection of coherence for a single atom [35] [36] [37] [38] , topological quantum coherence is a global property of the edge states, and uncovers the symmetry-protected collective behavior of topological atom arrays. We also study the coherence of bulk states [58] . For large correlated decay (γ AB γ), edge states have very different coherence with bulk states. Therefore, the edge atoms exhibit topology-protected superradiance and subradiance.
In Fig. 4(d) , we study disorder effect of atomic levels. The energies of atomic levels are ω iα + iα , where iα are uniformly distributed iα ∈ [− , ]. Here, represents the strength of the disorder. The coherence is shown to be stable when the disorder is much smaller than the splitting between two excited atomic states. Note that coherence transitions shown above are found in the case with |t c | = |t p |, which imposes special forms of edge states with λ −,1 = 0 and λ −,2 = 0. For other cases (where both λ −,1 and λ −,2 are nonzero), coherence crossovers are found, showing quantum interference of edge states [see Fig. 4(e) ]. In Fig. 4(f) , the transmission spectra for edge states and bulk states are compared. When γ AB is zero, the transmissions for edge and bulk states are the same. When γ AB is nonzero, the spectrum is found to be asymmetric for bulk states, but symmetric for edge states.
Conclusion.-In this work, we study a 1D topological array of effective three-level atoms. Owing to the topology-induced nonlinearity, a topological superatom is able to characterize this system in low-energy regime. To optically drive the edge states, unique properties of edge states, i.e., topology-protected polarization and boundary localization, are utilized.
From the photon transmission, we find symmetry-protected topological quantum coherence distributed in edge atoms. Moreover, the superradiance-to-subradiance transition of symmetric edge state because of quantum tunneling presents an interesting feature of finite-size topological phase transitions. However, when the correlated decay between two excited states of the V-shaped atoms is largest (γ AB = γ), the anti-symmetric edge state shows continuous subradiance connection to bulk state. The distinctive quantum coherence properties of edge and bulk atoms allow the detection of topological quantum effects. The topological quantum coherence we discussed here provides an alternative way to characterize topological phases [86, 87] .
I. SUPPLEMENTAL MATERIAL
This supplemental material provides details of the results presented in the main text.
A. Atom array
The atom array discussed in the main text is shown in Fig. S1 . This atom array is composed of two types of qubits, A and B, which, for simplicity, are assumed to have the same frequency ω 0 . Figure S1 (a) shows a ladder with these two types of qubits. Two qubits at the same site represent a unit cell, and they are coupled via a waveguide [see Fig. S1(b) ]. Qubits mediated by waveguides have been investigated in many systems [S1, S2]. As qubits A and B have the same frequency, the effective coupling and correlated decay of these two qubits are, respectively,
Here, γ 0 is the decay rate of the qubits to the waveguide, λ 0 = 2πc/ω 0 , and d AB is the distance between qubits A and B. As the positions of the qubits are properly chosen, e.g., d AB = nλ 0 , the interaction between these two qubits can be zero, but the correlated decay of the two qubits is maximum [S2] . Such unit cell can be treated as an effective V-shaped three-level atom in the single-excitation subspace, as shown in Fig. S1 (c). The interactions between neighboring unit cells are mediated by couplers (colored lines in Fig. S1(a) ). Such couplers can be cavities or resonators. In Cavity/Circuit-QED systems, exchange of virtual photons can lead to the couplings between qubits.
In the following, we show how it can be applied in our system.
... 
single-cavity coupled two qubits
As an example, we consider the cavity-mediated interaction between qubit A and and qubit B in the first and second unit cells [shown in Fig. S2(a) ], respectively. The Hamiltonian is
with ω 1A = ω 2B = ω 0 . Here,â 1 andâ † 1 represent the annihilation and creation operators of the cavity mode that couples to the A 1 and B 2 qubits. The operators for qubits A and B are σ + 1A = |A 1 α 1 | and σ + 2B = |B 2 β 2 |. We use |α i and |β i to represent the ground states of the A and B qubits in the i th unit cell. We use g iµ (µ = A, B) to denote the coupler-qubit couplings [the bright blue dashed lines in Fig. S2(a) ]. In Eq. S2, the total number of excitations is conserved. Therefore, we can rewrite the Hamiltonian in a rotating frame with
The Hamiltonian becomes
where ∆ A = ω 1A − ω a1 and ∆ B = ω 2B − ω a1 . We now make a unitary transformation with
We obtainH
When the detunings are large, i.e.,
it is reasonable to consider the effective Hamiltonian to second order in the coupling coefficients g 1A , g 2B . We can then obtainH
The terms g 2 1A /∆ A and g 2 2B /∆ B are the Lamb shifts for qubits A and B, respectively. The last term in the above Hamiltonian is the effective coupling between these two qubits. We call it cross coupling, because it couples different kinds of qubits. As shown in Fig. S1(a) , the bright blue dashed lines represent cross couplings. For simplicity, we consider g iA = g A and g iB = g B . The cross coupling is
The couplings between the same qubits can also be implemented. These couplings are called parallel couplings for realizing the couplings between the same kinds of qubits. For example, the effective Hamiltonian for qubits A 1 and A 2 [as shown in Fig. S2(b) ] is
As we considerḡ iA =ḡ A , the effective coupling between qubits A becomes
2. two-cavity coupled three qubits
In our system, one qubit is coupled to several qubits via different virtual-photons-exchange interactions. We now consider three qubits which are mediated by two couplers, as shown in Fig. S3 . The corresponding Hamiltonian is Here, we assume ω b1 = ω a2 = ω 0 . Similar to the last section, in the rotating frame, we have
where ∆ B = ω B − ω 0 and ∆ A = ω A − ω 0 . For simplicity, the above Hamiltonian can be expressed as We now look at the second term on the right-hand side of the above expression,
In our system, the couplers are set to be vacuum states. The real photon exchange can be ignored. Therefore,
Similarly,
To second order in g, we have
and
Hence,
This effective Hamiltonian shows that the chain-like coupling scheme, as shown in Fig. S3 , does not lead to long-range couplings between qubits. By assumingg 1B = g 3B = g B andg 2A = −g 2A = −g A , Eq. S23 can be written as
3. boundary conditions
Using the periodic boundary conditions, the translational invariance makes the Lamb shifts for the same kinds of qubits to be equal. We denote the energy splitting between qubits A and B to be 2δ. Then, the effective Hamiltonian becomesH
with σ
. In Eq. S25, the effective couplings have been simplified. The topological property is analysed in the main text. Using open boundary conditions, the qubits of unit cells at the boundaries have different Lamb shifts compared to qubits in other unit cells. However, we can couple vacuum resonators or cavities to these boundary qubits to generate additional Lamb shifts, such that all the qubits of the same kind have the same energy.
B. Topological superatom
Edge states are topologically protected quantum many-body states. They are able to encode quantum information and can be used as topological qubits. Recently, the study of Majorana zero modes has advanced considerably. Topological quantum computation can be potentially implemented with Majorana fermions. There are theoretical proposals suggesting that photon-electron interactions could be used to control Majorana fermions. However, the photon-electron interactions are not easy to control, compared to light-atom interactions. Especially, in some artificial atoms, e.g., superconducting quantum circuits, one can optically manipulate quantum states of atoms with high accuracy. The 1D atom array studied here has a complex energy spectrum. In its topological phase, as shown in Fig. S4 , bulk states exhibit a smooth spectrum with very small gaps among the bulk states. This makes it difficult to address specific quantum many-body states. However, there are large gaps between the two E = 0 edge states and bulk states. This provides a strong nonlinearity to control the edge states. In quantum systems, the nonlinearity of energy levels is critical for qubits or qutrits, where quantum information can be encoded. This topology-induced nonlinearity can characterize the topological superatom with a ground state and two edge states. We can exploit the properties of edge states, i.e., topology-protected spin polarization and boundary localization, to implement the interaction between light and the topological superatom. Benefiting from the atom-light couplings, which are studied in many quantum optical systems, the topological superatom could be easily manipulated.
C. Edge states in the single-excitation subspace
The atom array mediated by couplers is shown to have topological structure in crystal momentum space. From the edge-bulk correspondence, edge states can be generated in the topological phase with open boundary conditions. Different from normal many-body states, edge states have peculiar properties that can be employed for topological quantum state engineering. Therefore, we better analyse the wavefunctions of edge states. In the single-excitation subspace, the Hamiltonian can be written as [S3, S4] ,
with
We now make an ansatz for the edge state ψ = n λ n φ, where φ is a 2 component spinor. Therefore,
From the above equation, we can have
This can be written as
The edge states are solutions with E = 0, i.e., Multiplying σ z from the left-hand side, one obtains
We can obtain the eigenstates φ ± via
From Eq. S31, we can have δ + λ(t p − t c ) − λ −1 (−t p − t c ) = 0, which is a quadratic equation for λ. It can be solved with solutions,
for φ + , and
for φ − . The values of λ ±,1/2 determine the wavefunctions of the edges states. From Eq. S33 and Eq. S34, we can find that 1/λ +,1 = λ −,2 and 1/λ +,2 = λ −,1 . So, there are two cases that lead to different edge states in the system. Case (1): If |λ +,1 | < 1 and |λ +,2 | < 1, the edge state of the left boundary is polarized along φ + , i.e.,
The open boundary condition requires ψ L (0) = 0, which gives c 1 = −c 2 . Therefore,
where N + L is the normalization factor. Similarly, the right edge state with open boundary condition ψ R (N + 1) = 0 is
Case ( 
and The values of λ ±,1/2 , which are determined by the system parameters, affect the form of the edge states. In Fig. S5 , we show λ −,1/2 for two cases, i.e., |t c | = |t p | and |t c | = |t p | in the topological phase (−2|t p | < δ < 2|t p |). As |t c | = |t p |, only one parameter, λ −,1 or λ −,2 is nonzero. However, in the case of |t c | = |t p |, both λ −,1 and λ −,2 are nonzero. This two different forms of edge states have distinctive features in the finite-size effects of the edge states, as we show in the main text. The edge states shown above describe long lattices. For short lattices, the edge states will not be localized to one edge, but mix with each other, as shown in Fig. S6 . The mixed edge states may have interesting observable effects. The topological materials have large scales where the mixing of edge states is hard to observe. However, in some quantum simulating systems (such as circuit-QED, and trapped ions), the lengths of the systems are finite. Therefore, finite-size topological phenomena could be observed.
D. Driving a topological superatom in a cavity
In our one-dimensional topological array with V-shaped effective three-level atoms, the edge states are produced in the excited state. Moreover, thanks to symmetry protection, there are many features unique to edge states, i.e., spin polarization, boundary localization, and large energy gaps to bulk states. These properties make it feasible to optically manipulate edge states. The coupling between ground and excited edge states can be realized by choosing appropriate cavity-atom coupling parameters, such that the edge states are efficiently populated. For example, in superconducting quantum circuits, the couplings between artificial atoms and cavity can be controlled. Therefore, the topological superatom can be controlled. Here, we consider the low-excitation limit, i.e., σ
The master equation of the cavity-driving atom array iṡ
with total Hamiltonian H tot =H + H c + H I . Here,H represents the coupler-mediated atom array, H c is the Hamiltonian of the cavity, and H I is the cavity-atom interaction. The dissipation terms for the atom array and cavity are
respectively. From the master equation, we obtain the equations 
where R = t p −t c t c −t p .
Here, ξ iα are the coupling coefficients between the atoms and cavity. The steady cavity field can be solved by assuming 
and susceptibility
When a quantum many-body state is driven by the cavity field, one can probe its optical response via its photon transmission. The susceptibility captures the central property of the cavity-driving many-body system. From the susceptibility, we can obtain the effective decay rate of the superatom,
In particular, the edge states in the single-excitation subspace have zero energy, which makes Re[χ] vanishing. When the edge state is resonantly driven, the transmission can be expressed by the effective decay
The invariance of Im[χ] indicates the topological quantum coherence. As shown in the main text, the effective decay rates for bulk states and edge states are equal to γ for γ AB = 0. However, nonzero correlated decay γ AB makes the bulk states to be subradiant. In Figs. S7(a) and S7(b), we show the effective decays for bulk states with different values of γ AB . The x axis denotes the index of the bulk states, from lowest energy to the largest (the edge states for n = N, N + 1 in the middle are not shown). It can be seen that the effective decays for bulk states are symmetric. Moreover, the bulk states closer to edge states are more subradiant. For large correlated decay γ AB , the bulk states have very different coherence properties compared with edge states; the symmetric edge state is superradiant, and the anti-symmetric edge state is very subradiant. The coherence differences between edge states and bulk states lead to distinctive collective behavior of edge atoms and bulk atoms. 
